Abstract. For 0 < p ≤ ∞, let F p ϕ be the Fock space induced by a weight function ϕ satisfying dd c ϕ ≃ ω 0 . In this paper, given p ∈ (0, 1] we introduce the concept of weakly localized operators on F p ϕ , we characterize the compact operators in the algebra generated by weakly localized operators. As an application, for 0 < p < ∞ we prove that an operator T in the algebra generated by bounded Toeplitz operators with BMO symbols is compact on F p ϕ if and only if its Berezin transform satisfies certain vanishing property at ∞. In the classical Fock space, we extend the Axler-Zheng condition on linear operators T , which ensures T is compact on F p α for all possible 0 < p < ∞.
Introduction
Let H(C n ) be the collection of all entire functions on C n , and let ω 0 = dd c |z| 2 be the Euclidean Kähler form on C n , where
(∂ − ∂). Set B(z, r) to be the Euclidean ball in C n with center z and radius r, and B(z, r) c = C n \B(z, r). Throughout the paper, we assume that ϕ ∈ C 2 (C n ) is real-valued and there are two positive numbers M 1 , M 2 such that (1.1)
in the sense of currents. The expression (1.1) will be denoted as dd c ϕ ≃ ω 0 . Given 0 < p < ∞ and a positive Borel measure µ on C n , let L p ϕ (µ) be the space defined by L p ϕ (µ) = f is µ-measurable on C n : f (·)e −ϕ(·) ∈ L p (C n , dµ) .
When dµ = dV , the Lebesgue measure on C n , we write L 2 with α > 0, which induces the classical Fock space. For this particular special weight ϕ, F p ϕ and · p,ϕ will be written as F p α and · p,α , respectively. The space F p α has been studied by many authors, see [2, 5, 7, [18] [19] [20] [21] and the references therein. Another special case is with ϕ(z) = [3, 4] . It is well-known that F 2 ϕ is a Hilbert space with inner product f, g F 2 ϕ = C n f (z)g(z)e −2ϕ(z) dV (z).
Given z, w ∈ C n , the reproducing kernel of F 2 ϕ will be denoted by K z (w) = K(w, z). We write k z = Kz Kz 2,ϕ to denote the normalized reproducing kernel. Given some bounded linear operator T on F For a complex Borel measure µ on C n and f ∈ F p ϕ , we define the Toeplitz operator T µ to be
If dµ = gdV , for short, we will use T g to stand for the induced Toeplitz operator and will use that g = T g .
In the case of Fock spaces F 2 α , fixed g bounded on C n , | T g k z , k w | as a function of (z, w) decays very fast off the diagonal of C n × C n , see [20, Proposition 4.1] . From this point of view, Xia and Zheng in [20] introduced the notion of "sufficiently localized" operators on F 2 α which include the algebra generated by Toeplitz operators with bounded symbols, and they proved that, if T is in the C * -algebra generated by the class of sufficiently localized operators, T is compact on F 2 α if and only if its Berezin transform tends to zero when z goes to infinity. In [10] , Isralowitz extended [20] to the generalized Fock space F 2 ϕ with dd c ϕ ≃ ω 0 . Isralowitz, Mitkovski and the third author extended Xia and Zheng's idea further in [11] to what they called "weakly localized" operators on F p ϕ with 1 < p < ∞. They showed that, if T is in the C * -algebra generated by the class of weakly localized operators, T is compact on F p ϕ if and only if its Berezin transform shares certain vanishing property near infinity. We would like to emphasize that the prior results in the area, for example [1, 2, 5, 8-10, 14, 15, 17, 19-22] , depend strongly on two points. The first is the use of Weyl unitary operators induced by holomorphic self mappings of the domain; and the second is the restriction on the range of the exponent p, for example p = 2 or 1 < p < ∞, so that Banach space techniques are applicable. But on F p ϕ with 0 < p < 1 and dd c ϕ ≃ ω 0 these two points are not available.
The main purpose of this work is, on F p ϕ with 0 < p < 1 and dd c ϕ ≃ ω 0 , to study the so called "weakly localized" operators WL ϕ p and to characterize those compact operators T ∈ WL ϕ p . The paper is divided into four sections. In Section 2, we introduce the concept of weakly localized operators WL ϕ p for 0 < p ≤ 1, we will characterize the compact operators in WL ϕ p , and furthermore give a quantity equivalent to the essential norm of an operator in WL ϕ p . Section 3 is devoted to the compactness of Toeplitz operators induced by BMO symbols acting on F p ϕ for all 0 < p < ∞, our theorem shows an operator T in the algebra generated by bounded Toeplitz operators with BMO symbols is compact on F In what follows, C will denote a positive constant whose value may change from one occasion to another but does not depend on the functions or operators in consideration. For two positive quantities A and B, the expression A ≃ B means there is some C > 0 such that
2. The operator class WL ϕ p with 0 < p ≤ 1 As a generalization of the "strongly localized" operators of Xia and Zheng in [20] , Isralowitz, Mitkovski and the third author introduced "weakly localized" operators on F p ϕ with 1 < p < ∞, see [11] . In this section, we first give the definition of weakly localized operators on F p ϕ when 0 < p ≤ 1. We use D to stand for the linear span of all normalized reproducing kernel functions k z (·). It is obvious that D is dense in F p ϕ . As in [11] , we will assume that the domain of every linear operator T appearing in this paper contains D, and that the function z → T K z is conjugate holomorphic. We also assume the range of T is in
The algebra generated by weakly localized operators for F p ϕ will be denoted by WL
by definition, and then Definition 2.1 was first introduced in [11] . Let T 
The purpose of this section is to characterize compact operators in WL ϕ p , 0 < p ≤ 1. To carry out our analysis, we need some preliminary facts.
Lemma 2.2 ([16]
). Given ϕ as in the introduction, the Bergman kernel K(·, ·) for F 2 ϕ satisfies the following estimates:
(1) There exists C and θ > 0 such that
(2) There exists some r > 0 such that
Lemma 2.3 ([8]
). Suppose 0 < p < ∞ and r > 0. Then there exists C such that for f ∈ H(C n ) and z ∈ C n , we have
where µ is some given positive Borel measure and µ r (·) =
It is obvious that L forms a 1/4-lattice in C n (see [21] for the definition). For E ⊂ C n , let χ E be the characteristic function of E. We have some absolute constant N > 0 such that
Lemma 2.4. For 0 < p ≤ 1 there is some constant C (depending only on p and n) such that for any domain Ω ⊂ C n and f ∈ H(C n ),
It is easy to check that the constants C above depend only on p and n.
With the assumption that w → T K w is conjugate holomorphic, we know T K w , K z is conjugate holomorphic with w. And also, T K z , K w F 2 ϕ is holomorphic with w. For 0 < p < 1, apply Lemma 2.4 to get
And, similarly
These two inequalities tell us WL
, we know T * is well defined on D. In [11] it is pointed out that WL ϕ 1 is contained in the set of all bounded operators on F p ϕ for all 1 ≤ p < ∞. When 0 < p < 1, we have the two following lemmas.
Applying (2.5), Lemma 2.2 (estimate (3)) and Lemma 2.4 with Ω = C n to have
Now, integrate both sides over C n , and apply Fubini's Theorem to obtain Proof. We only need to prove WL
In fact, for any ε > 0 we have some
This implies
where the constant C does not depend on ε.
To characterize the compactness of those T ∈ WL ϕ p in the case 0 < p ≤ 1, we will borrow ideas from [17] and will be approximating a given operator T ∈ WL ϕ p by infinite sums of well localized pieces. To get this approximation we need the following covering lemma from [11] . See also [2, Lemma 3.1].
Lemma 2.7. There exists a positive integer N such that for each r > 0 there is a covering F r = {F j } ∞ j=1 of C n by disjoint Borel sets satisfying:
(1) every point of C n belongs to at most N of the sets
This covering F r can also be chosen in a simple way. For example, let {a j } be an enumeration of the lattice
2n . And take F j to be the cube with centers a j , side-length 2r √ n and half of the boundary so that ∪
Proposition 2.8. Let 0 < p ≤ 1 and T ∈ WL ϕ p . Then for every ε > 0, there is some r > 0 sufficiently large such that, for the covering {F j } ∞ j=1 and {G j } ∞ j=1 (associated to r) from Lemma 2.7, we have
Proof. Let T ∈ WL ϕ p be given. For ε > 0, we have some r > 0 sufficiently large (we may assume r > 10) such that
Notice that |K(z, w)| = |K(w, z)|, applying Lemma 2.4 twice to above, we get
By Fubini's Theorem and (2.6), we get P Sf p p,ϕ is no more than
The constants C above are independent of ε. Notice that P T P = T on F p ϕ , so P S = where
Proof. First, we are going to show
In fact, given f ∈ F p ϕ not identically zero, set
It is trivial to see that g j ∈ F p ϕ because of the compactness of G j . Since T is bounded on F p ϕ , then
Note that T K w is conjugate holomorphic respecting to w. From Lemma 2.4 we have
This gives (2.9). To prove (2.8), we have from Lemma 2.4 that
Hence, integrating both sides and interchanging the order of integrations we obtain
This gives
Therefore, (2.6) yields
From this, (2.8) follows.
In the case of 1 ≤ p < ∞, the projection P is bounded from L p ϕ to F p ϕ , and so is P M χ E when E ⊂ C n is measurable. But P is not bounded on L p ϕ if 0 < p < 1. The following lemma, Lemma 2.10, says P M χ E is still bounded on F p ϕ . Lemma 2.10. Suppose 0 < p ≤ 1. There exists some constant C such that for any domain
Lemma 2.4 and Lemma 2.2, estimate (3) gives
Then by Lemma 2.4,
Therefore,
where C is independent of ε.
Lemma 2.12.
This yields
On the other hand, for any A ∈ K(F p ϕ ), Lemma 2.11 shows
From Lemma 2.10, we know lim sup
Now we are in the position to characterize those compact operators in WL ϕ p with 0 < p ≤ 1, which extends the main results in [10, 11, 20] to the small exponential case. Proof. It is trivial that (C)⇒(B). We will show the implication (B)⇒(D) under the hypothesis T ∈ WL ϕ p . In fact, for any ε > 0, by (2.2) we have some r > 0 such that
Combining the above inequality with (B), we get
whenever |z| is sufficiently large. Therefore, (B) implies (D).
Suppose T satisfies (D). By Lemma 2.3 we know (2.10)
Then,
which gives the implication (D)⇒(C).
To prove (D)⇒(A), given ε > 0 we pick some r > 10 with sets {F j } j and {G j } j as in Proposition 2.8 so that
Suppose T satisfies (D), then there exists t > 0 such that T k z p,ϕ < ε for |z| ≥ t. Notice that, ∪ j>m G + j ⊂ B(0, t) c whenever m is large enough. So, (2.8) in Lemma 2.9 and (2.11) imply T e,F p ϕ = 0 which gives the compactness of T . To finish our proof, we only need to prove the implication (A)⇒(B). Given T ∈ K(F p ϕ ), Lemma 2.11 tells us (2.12) lim
First, we claim that
In fact, Lemma 2.10 shows
where the constants C are independent of z and w. Hence, (2.13) is true. Using (3) in Lemma 2.2 and (2.12) to get that
as R → ∞. Combining the above with (2.13), we obtain sup w∈B(z,r) and
ϕ for all z ∈ C n , the Berezin transform of f is defined as
Let BO r be the collection of all continuous functions f on C n such that ω r (f ) is bounded.
We use BA r and BMO r to denote respectively the set of all f ∈ L 1 loc (C n ) such that |f | r and MO r (f ) are bounded on C n . The space BMO is the family of all measurable function f on C n satisfying f (·)|k z (·)| 2 ∈ L 1 ϕ for z ∈ C n and f BMO = sup z∈C n C n f (w) − f (z) |k z (w)| 2 e −2ϕ(w) dV (w) < ∞.
By Lemma 3.33 in [21] , we obtain that the spaces BO r and BA r are independent of r, they will be denoted as BO and BA below. The next lemma says BMO r is independent of r as well. (A) f ∈ BMO r for some (or any) r > 0; (B) f ∈ BMO; (C) f = f 1 + f 2 , where f 1 ∈ BA and f 2 ∈ BO.
Proof. For n = 1 and ϕ(z) = α 2 |z| 2 , this is Theorem 3.34 from [21] . For general n and ϕ satisfying dd c ϕ ≃ ω 0 , the proof can be carried out as that of [21] with a little modification. The details will be omitted here.
For f ∈ BMO, say f = f 1 + f 2 with f 1 ∈ BA and f 2 ∈ BO, similar to [7, Lemma 4 .1], we know the Toeplitz operator T f 1 is well defined on F p ϕ . From [21] , |f 2 (z)| ≤ a|z| + b with constants a, b > 0, T f 2 is also well defined on F p ϕ . Thus, T f is well defined on F p ϕ , where 0 < p < ∞. Moreover,
Coburn, Isralowitz and Li [5] proved that T f (f ∈ BMO) is compact on the classical Fock space F 2 1/2 if and only if the Berezin transform f vanished at the infinity. The first two authors extended this result to the setting of F p 1/2 with 0 < p < ∞ in [8] . Under the assumption that S is a linear combination of operators of form T f 1 · · · T fm with each function f j satisfying |f j | bounded, Isralowitz proved that S is compact on F 2 1/2 if and only if S vanishes at the infinity, see [9] for details. In all these references, the Weyl unitary operators acting on F holds for each r > 0?
We also point to the general question of how the story is similar, or different, in the case of the Bergman space A p (D) when 0 < p < 1.
